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Randomly accelerated particle in a box: Mean absorption time for partially absorbing and
inelastic boundaries
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Consider a particle which is randomly accelerated by Gaussian white noise on the line segment @nd
is absorbed as soon as it reaclke) or x=1. The mean absorption timEx,v), wherex andv denote the
initial position and velocity, was calculated exactly by Masoliver and Porra in 1995. We consider a more
general boundary condition. On arriving at either boundary, the particle is absorbed with probablignd—
reflected with probabilityp. The reflections are inelastic, with coefficient of restitutiorVith exact analytical
and numerical methods and simulations, we study the mean absorption time as a fungtiandof
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I. INTRODUCTION 1-
pr2¢:25ir< 64¢7r). (4)

Consider a randomly accelerated particle which moves on
the _half_ linex>0 with an absorbing boundary &t0. The For p=0, ¢(0,r)=%, so Eqs(2) and(3) are consistent. Solv-
motion is governed by ing Eq. (4) for ¢ graphically, one finds a unique solution 0

< ¢(p,r)<;11 in the physical region &r <1, 0<p<1, rep-

d?x . .
=2 =), Hn(t')) = 28t —t'), 1 resenting a decay slower than in Eg).
dt? 70, 7)) ( ) @ The decay in Eq(3) is so slow that the mean absorption
time
where 7(t) is uncorrelated white noise with zero mean. The - 20(0.0-t -
probability Q(x,v ;t) that a particle with initial positioxx and T(0,0) :f dt t[— M} :f dtQO,v;t) (5)
initial velocity v has not yet been absorbed after a tinfeas 0 ot 0

been studied by McKeai] and otherg2—-4]. For a particle

initially at x=0 with velocity >0, the probability decays as 'S Mfinite, even forp=0. On the other hand, the mean ab-

sorption timeT"(0,v), averaged over a long but finite tintle
2>1,4 instead of an infinite time, is a well-defined quantity, which
1 t — ®

Q(0,v;t) ~ (UT (2)  varies as

. S0P\

Following Cornell, Swift, and Bray5,6], we consider a T(Op) ~t (t_> . U007 (6)
more general boundary condition. On arriving at the bound-
ary the particle is absorbed with probability p-and re- and diverges in the limit" — .
flected with probabilityp. The velocities of the particle just If the particle moves on the finite line<Ox<1 and is
after and before reflection are related dpy=-rv;. Herer is  absorbed the first time it reaches eitherO or x=1, the
the coefficient of restitution, and=1 andr <1 correspond to  probability that it has not yet been absorbed after a time
elastic and inelastic collisions, respectively. decays ag ™ for long times[9], much more rapidly than the

As physical motivation, we note that temporal or spatialpower law (2) for a single absorbing boundary. The mean
irregularities at the boundaries of a system or a statisticahbsorption timeT(x,v) for a particle with initial positionx
capture process may give rise to partial absorption. The promnd initial velocityv is well defined. Masoliver and Porra
erties of a particle which is subject to a random force and10] calculated this quantity exactly, by solving the inhomo-
collides inelastically are of interest in connection with drivengeneous Fokker-Planck equation

granular media. PR
For the partially absorbing, inelastic boundary condition (U_ + —2>T(X,v) =-1, (7)
the probability that the particle has not yet been absorbed 2

decays as with the boundary conditions

p2\ P T(x,0)=T(1-X%,—v), (8
QO,v;t) ~ T , oo (3

TO,w)=0, v<O0, (9
Burkhardt[7] and De Smedet al. [8] showed that the per- corresponding to reflection symmetry and the immediate ab-
sistence exponenp(p,r) is nonuniversal, depending gn  sorption of a particle with initial conditions=0, v <0. Their
andr according to the relation result, which is rederived in the Appendix, is given by
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1 1x 318y V3 B Lyl TR 2312312
Tl(x,v):Tl(l—X,—v):§(ﬂ'v)1’2j0 dYWLua Ey G(x,v,u) = 3y eI ox
X ~03/9(x-y)
0-7/335/6 J‘l e vI9yx) 1 f e
+ d 1-y)]Ye - dy 73
I'(2/3? ), y(y—x)z’?’[y( Y] 31’31“(2) o (x=y)
3
25 25
X|Fi| 1221y =R\ L2y ) | (10 X[R(y,u) = R(1 -y,u)], (14)
36 36
1 u1/2e—u3/9y
for v>0, where,F,(a,b;c;2) is a standard hypergeometric R(y,u) = 1 5\ y7/%(1 _y)1/61Fl
function[12]. The subscript 1 off;(x,v) is a reminder that 35’6F(§>F(6>
the particle is absorbed the first time it reaches either bound-
ary. For use below we note the asymptotic forms ( 15 di1 —y)) (15
6'6" 9y '
3 i i -
TrT’ZUUZ’ v\, 0, S(r)lrc]j l[Iilz(]a,b,z) is a standard confluent hypergeometric func
T1(0,0) ~ 1 (1D To calculateT(x,-v) from Eq. (13), one must first deter-
;, U — >, mine the unknown functio(0,—-u) on the right-hand side.

Setting x=1 in Egs. (13«15 and substitutingT(1,-v)
=T(0,v) and T(0,-u)=pT(0,ru), which follow from Egs.
The second of these forms is intuitively obvious, correspond8) and(12), leads to the integral equation
ing to ballistic propagation from=0 tox=1 in the timey™™. "
In this paper we study the mean absorption time of a T(O,v):Tl(O,v)+pf du uQ1,0,u)T(O,ru), v>0,
randomly accelerated particle moving on the finite line O 0
<x<1 for the more general boundary condition described

above: absorption at the boundary with probabilitypl +e- (16)
flection with probabilityp, and coefficient of restitutior,,  where
For this boundary the mean absorption time also satisfies the 1
Fokker-Planck equatiof¥) with reflection symmetry8), but G(1,0,u) = _Ullzullze—(v3+u3)/9
the absorbing boundary conditidf) is replaced by 67
9 57 v3u®
X| 37 3+t6F| Lo 2 (17
T(0,-v) =pT(O,rv), v>0. (12 vi+u 66 81

The absorbing boundary conditid®) considered by Ma- and,F,(a;b,c;z) is a generalized hypergeometric function
soliver and Porra is unusual in th@t0,v) is specified for [12]. Our analytical and numerical predictions for the mean
v<0 but notv>0. That the Fokker-Planck equation with absorption time are derived directly from E¢$6) and(17).
this boundary condition and with reflection symmei8yisa  The same symmetric kern&s(1,v,u)=G(1,u,v) plays a
well-posed boundary value problem was knofri] long  central role in Refs[13,14] in determining the equilibrium
before the exact solution of Masoliver and Porra. We ardlistribution functionP(x,v) of a randomly accelerated par-
unaware of a similar proof for the more general boundaryticle moving between inelastic walls a0 andx=1 with
condition(12). In this paper we show how to solve the more which it collides inelastically.
general case with an extension of the approach of Masoliver As discussed in Ref14], the quantityG(1,v,u) general-
and Porra. izes McKean'’s result for the velocity distribution at first re-

turn [15] from the half line to the finite line. The probability

that a randomly accelerated particle, which leaxe$® with
Il. INTEGRAL EQUATION FOR  T(x,v) velocity v >0, arrives with speed betweenand u+du the

next time it reaches eithex=0 or x=1 is given by

In the Appendix we show that the Fokker-Planck equation, (1, u)du, where the first and second terms of E#j7)
(7) with reflection symmetry(8) has the exact Green'’s func- correspond to arrival at=0 andx=1, and where

tion solution

fmdu uG@1,v,u)=1. (18)
% 0

T(x,—v)=T1(x,—v)+f du uGx,v,u)T(0,-u) (13)

0 The integral equatior(16) follows immediately from this

interpretation. The first, second, terms in the iterative so-
lution of the integral equation represent the mean time to
for v>0, whereT; is the same function as in E(L0), reach the boundary for the first time, the mean time between

046115-2



RANDOMLY ACCELERATED PARTICLE IN A BOX:... PHYSICAL REVIEW E 71, 046115(2005

the first and second boundary collisions, weighted with a To evaluate the integral in Eq23) numerically, we
factor p for each reflection. changed the integration variable framto
In Eq. (16) the asymptotic form off(0,v) for small and 3
largev is determined by the first and second terms, respec- 7= '“'_, 0<u<B,
tively, of the kernel17). For p> 0 the particle is not always ors
absorbed the first time it reaches the boundary, which implies (24)

T(0,v) >T4(0,v). For smallv we look for a solution with the

3\ -«
asymptotic form W:<—> , B<u<oo,

ord
TOv) ~v”, v\0, (190 wherea is a positive constant, and then used Simpson’s rule,
exact for polynomials of degree 3, with equally spaced mesh
points inz andw. To ensure good accuracy for smallsmall
u), we subtracted off the leading asymptotic form of the in-
tegrand, fit to a power law, and then integrated it analytically.
(1-2y In the region where both andu are small, where the first
prr=2si 6 " (200 term in the kernel(17) diverges, the integrand was fit to
(v3+u®)~! times a power law irz and then integrated ana-
Solving Eq.(20) for y graphically, one finds a unique solu- Iytically. The parameter8 and o and the mesh size were
tion satisfying O<y(p,r)<§ in the physical region &r chosen to give good convergence with about 100 mesh
<1, 0<p<1. Comparing Egs(4) and (20), one sees that points in each of the intervals<OB<u andB<u< . Start-
v(p,r)=2¢(p,r). Thus, the exponents ofin the resulty4) ing with T4(0,v) as the first approximation t#(0,v), one
and (6) for the half line and19) and (20) for the finite line  typically needs about ten iterations for convergence.
are the same. This suggests that the smdlehavior(19)
and (20) is due to repeated collisions with the same bound-
ary. _ In our simulations the motion of the particle is governed
For largev, T(0,v)=v™'+T(1,v), corresponding to bal- by the difference equations
listic propagation fromx=0 tox=1 in the timev 1. Combin-
ing this relation with Eqs(8) and(12) yields

T(0,0) = v+ pT(O0,rv), v — . (21)

with exponenty(p,r) smaller than the valu¢=% for p=0in
Eq. (11). Substituting Eq(19) into Eq.(16), we find that the
asymptotic form is consistent with the integral equation if

IV. SIMULATIONS

3 1/2
Xn41=Xn + Uplnsy + ( 2;1) (Sr+V3rnsn), (25

Equation(21) also follows from integral equatiofil6) on Vi1 = Un+ (2800 ) Y20 sy (26)
using the asymptotic forms(11l) for large v and N ) _
1F2(1?§,%;Z)“ %77.1/22—1/4 exp(224?) for large z. For p<1, Herex, andv, are the position and velocity at tintg and
the mean absorption time is expected to decrease to zero fin+1=tr1~tn. The quantitiesr, and s, are independent
the larges limit. Iteration of Eq.(21) and/or substitution of ~aussian random numbers such that
the ansa_ltz T(O,v)=Bv™ into Eq. (21) leads to the ry=(s)=0, <rﬁ) :@) =1 (27)
asymptotic forms

As discussed in Refl16], this algorithm generates trajec-

r tories which are consistent with the exact probability distri-

—l, p<r=<1,

TOw)=yr-p (22) bution P(x,v,t) of a randomly accelerated particle in free
By PNt r<p<i, space—i.e., in the absence of boundaries. In free space there
_ is no time step error in the algorithm. The time st&p; is
for v — oo, with p<1. arbitrary. However, close to the boundaries trajectories are

The largev behavior forp=1,r <1, corresponding to in- not generated with the correct probability, because the free-
elastic reflection with zero absorption probability, requiresspace distributiorP(x, v, t) includes trajectories which wan-
special attention and is considered in Sec. V C. der outside the interval€@x< 1 and return during the timie

Il NUMERICAL SOLUTION OF THE INTEGRAL As in R_ef. [16], we make the time step. smaI_Ier near the
EQUATION boun(_janes to exc_lude these spurious trajectories.
Using the algorithm(25)—(27) with large time steps away

To interpolate between the asymptotic formsT@®,v) for ~ from the boundaries, instead of a conventional algorithm
small and large, given in the preceding section, we solved with a constant time step, enables us to simulate the particle
integral equatior{16) numerically. Changing the integration for much longer times.
variable fromu to ru, we solved the resulting equation For a particle in free space with position and velocity

andv, at timet,, the coordinatex,,; at a timeA,, is dis-

T(0,0) = T4(0,0) + Bzf duuG1,0,r'luTO,U), v>0, tributed according to a Gaussian functid®], with a maxi-
r“Jo mum atx,+v,A,.; and root-mean-square Wid(léA,‘:‘Jrl)l/2

(23) ChoosingA,,;; so that

by iteration. Xn+ Unlner — €AY >0, (29)
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32

Xn+ UnlAper +CARS < 1, (29

where the constant is about 5 or larger, ensures that the
Gaussian distribution lies well within the intervakx<1.
The largestA,,; consistent with inequality28) is given
by D(x,,vn), Where
x+vD(x,v) - cD(x,v)¥?=0. (30)

To avoid solving Eq(30), cubic inD? at each step of the
algorithm, one may use the approximation

D(xv) ~ (C)ZI3+<%)2’ v>0,
B (El

X
which is asymptotically exact far— 0 andv — *% and ac-
curate to better than 13% fore<<y <.

X

(31)

-1
v} , v<0,
X
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— numerical

-- asymptotic

FIG. 1. Mean absorption time versus initial velocity forl
and, from top to bottomp=0.75, 0.50, 0.25, and 0. The solid line
for p=0 is the exact result of Masoliver and Porra. The other solid
lines are the numerical solutions of the integral equati). The
points are the results of our simulations. The dashed lines show the
exact asymptotic form&l9) and(20) for smallv and(22) for large
v. The proportionality constant in Eq19) was chosen to fit the

The most efficient time step to use in the algorithm is thesimulation data.

largestA ., consistent withboth inequalities(28) and (29).
Using a smallei,, 4 slows the simulation without improving
the accuracy. Since the inequali39) follows from (28) on
making the reflection-symmetric substitutian— -v,, X,
— 1-x,, the optimal time step is

A1 =Min[D(X,,vp),D(L1 =Xy, = vp)] + 6, (32

probability p. This is the “partial survival” model, studied on
the half line in Refs[5-§].

For p<1, r=1 the mean absorption time has the
asymptotic formg19), (20), and(22) for small and largey,
respectively. As the reflection probabilip/increases from 0
to 1, y(p) decreases from the Masoliver-Porra resuld)

where Min denotes the smaller of the two quantities inside:% in Eq. (12) for absorption on first arrival at the boundary

the square brackets. As in R¢fL6] a small minimum time
stepd has been included in E¢32). Without it, the step size

to the valuey(1) =0, corresponding to no absorption at all, or
T(0,v)=ce.

decreas_es to zero as the particle_ approaches the boundary,in Fig. 1 our results for the mean absorption tif@,v)
and as in Zeno's paradox, the particle never gets there. Aft&pr partially absorbing, elastic boundary conditions as a func-
inclusion of 6, the particle not only reaches the boundary buttion of the initial velocityv are compared for=1 andp
jumps slightly past it. We kept the overshoot small by choos=0.75, 0.5, 0.25, 0. The exact asymptotic forfd§) and

ing a sufficiently large value for the parameterin Egs.

(28—(31).

In the casep=1, r <r of highly inelastic collisions with

absorption probability zero, the speed of the particle be-

(20) for smallv and(22) for largev, the numerical solution
of Eq. (16), and the simulation results are clearly in excellent
agreement.

For fixedv the mean absorption time in Fig. 1 increases

comes extremely small after many boundary collisions, angyith increasing reflection probabilitp, as expected. For

great care is required to simulate the behavior reIiany._AcTixed p the mean absorption time does not vary monotoni-
cording to Eqs(26) and(32), the root-mean-square velocity cally with v but has an absolute maximum at an intermediate
change at each time step has the minimum average value yelocity. For much larger initial velocities the particle is ab-

Av = (28)*2, (33

After each boundary collision we sétw equal to 1/500 of
the velocity just after the collision. Thidv is the smallest

sorbed more rapidly since it bounces back and forth between
the boundaries, colliding at a rapid rate. For much smaller
initial velocities the particle is absorbed more rapidly be-

cause it collides repeatedly with the boundary where it starts.

velocity the algorithm can reliably handle. The correspond-

ing value of 8, given by Eq.(33), is then used until the next
boundary collision.
The results for the mean timE0,v) reported in Sec. V

B. Partially absorbing, inelastic boundaries

Here we present our results fprc 1, r < 1. In this regime

are based on foindependent particle trajectories for each the particle is absorbed at the boundary with probability 1

value of the initial velocityv.

V. RESULTS
A. Partially absorbing, elastic boundaries

In this subsection we present our various results gor
<1, r=1.
boundary with probability 1 p and reflectectlasticallywith

—p and reflectednelastically with probability p and coeffi-
cient of restitutiorr. Results for the half-line geometry with
this boundary condition are given in Ré¥].

In Fig. 2 our results for the mean absorption tif@,v)
as a function of the initial velocity are compared for
(p,r)=(0.75,0.2%, (0.501, 0.3, and(0.25, 0.7%. Again the
exact asymptotic form&l9) and(20) for smallv and(22) for

In this regime the particle is absorbed at thelargev, the numerical solution of Eq16), and the simula-

tion results are in excellent agreement. Note that the large-
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10 Forp=1,r<r T(0,v) has the asymptotic formd9) and
(20) for smallv. As the coefficient of restitutiorr, increases
from 0 to 1, y(r) decreases from the Masoliver-Porra result

'y(0)=% in Eq. (11) to the valuey(r,)=0, confirming the

§ result of Cornellet al. for r in Eq. (34). The negative, un-
& 0.1 e o simulated < ™ physical value ofy for r >r. signals the breakdown of the
e — numerical AN solution with finiteT(0,v). Forr>r. the mean time for an
-~ asymptotic \\\\\ infinite number of collisions is infinite.
0.0 d b In contrast with the results fgg<<1 given in Eq.(22), in
0.001 001 04 1 10 100 the casgp=1,r <1, the mean timd(0,v) does not vanish in

the limit v — . This may be understood by reverse iteration
FIG. 2. Mean absorption time versus initial velocity for, from of the largev recurrence relatioi21), which yields

top to bottom,(p,r)=(0.75,0.25, (0.501,0.5, (0.25,0.73, (O,r).
The bottom curve is the exact res(i0) of Masoliver and Porra. TO,r ™) = (r+r2+ - +rMy 1+ T(0,0). (35
The other solid lines are the numerical solutions of the integral
equation(16). The points are the results of our simulations. The This result holds for any finite velocity large enough so
dashed lines show the exact asymptotic for(h8) and (20) for  that the time to travel between the two boundaries is accu-
small v and (22) for largev. The proportionality constant in Ed. rately given by the ballistic ime™. The firstn terms on the
(19 was chosen to fit the simulation data. Note the slow converyight-hand side give the time a particle with initial velocity
gence to the asymptotic form for large for (0.501,0.5 in the =1, takes to reach velocity and sum ta(1-r)"1in the
crossover regiorpzr. limit N— oo,

According to Eq(35), lim,,_... T(0,r"v)=T(0,c0) is finite
asymptotic formg22) for p<r<1 andr<p<1 are differ-  and nonvanishing for <r.. The most general asymptotic
ent and that the data test both. Corrections to the large-form for largev consistent with these two properties and
asymptotic form in the crossover reginpe=r lead to con- with the recurrence relatiof21) is
spicuously slower convergence f@r,r)=(0.501,0.5.

©, p=1,r>re,
C. Nonabsorbing, inelastic boundaries T(0,v) = L (36)

r
. . . . . foellnv)——0v™, p=1,r<rg,
In this subsection we consider boundaries with1, r pelIn V) 1—rv P ¢

< 1. At the boundary the particle is reflected inelastically
with probability 1 and absorbed with probability zero. This is where fy.(Inv) is a periodic function of I with period
the case of interest in connection with driven granular matterinr|.

Cornellet al.[5] predicted that for <r., where The periodic term in Eq(36) came as a surprise to us.
s The largev recurrence relation(21) implies T(0,v)
re=e7°=0.163..., (34 >T1(0,rv) for p=1, which suggests, but does not guarantee,

the particle undergoes “inelastic collapse,” making an infinitethat T(0,v) is a monotonically increasing function of The
number of boundary collisions in a finite time, coming to asymptotic form(36) for r <r. with the periodic term is
rest, and remaining there. entirely consistent witi(0,v) >T(0,rv) and with Eq.(35).
The prediction that the inelastic collisions localize the The periodicity already appears in the following crude ap-
particle at the boundary far<r, was questioned by Floren- proximation: For G6<v<v" define T(0,v)=Av?, in accor-
cio et al.[17] and Anton[18] on the basis of simulations.  dance with Eq.(19), and then use the largerecurrence
The equilibrium distribution functiof®(x,v) of a particle  relation, Eq.(21) with p=1, to obtainT(0,v) for v>v".
moving on the finite line between two inelastic boundaries To determineT(0,v) with simulations, we measured the
was studied by Burkhardt, Franklin, and Gawrorgl@] for ~ mean timeTy(0,v) for N boundary collisions, plotted it ver-
r>r. and Burkhardt and Kotsep4] for r <r, with exact susN™%, and then extrapolated td— . This is shown for
analytical and numerical calculations and simulations, simi+=0.1 andv=0.001 and 0.0001 in Fig. 3.
lar to this paper. According to Refl4], P(x,v) varies In Fig. 4 our results for the mean tim&0,v) for an
smoothly and analytically withr throughout the interval O infinite number of boundary collisions are shown as a func-
<r<1 and does not collapse onto the boundaries. For tion of v for p=1 andr=0.1, 0.01, and 0.001. For fixedthe
<r. the equilibrium boundary collision rate is infinite, but mean time increases with increasingas expected.
the collisions do not localize the particle at the boundaee Solving the integral equatiolil6) reliably becomes in-
Ref.[19]). creasingly difficult asr decreases, and in Fig. 4 we only
In the casep=1, r <1 iterating the integral equatioii6) show the numerical solution far=0.1. The simulation data
adds the mean time to reach the boundary for the first timeare in good agreement with this numerical solution, with the
the mean time between the first and second boundary collasymptotic forms(19) and (20) for small v and with the
sions, etc., taking the change in speed in each collision intenset of periodic behavior in accordance with E26). The
account. Thus the solutiofi(0,v) represents the mean time dashed lines for large were calculated from the dashed
T(0,v) for an infinite number of boundary collisions. lines for smallv using recurrence relatiof21).
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finite for r <r. and infinite forr >r, as predicted by Cornell

et al. [5]. The prediction that the infinite sequence of colli-

sions leads to inelastic collapse, with localization of the par-

ticle at the boundary, has been questioned on the basis of

simulations[17,18 and an analysi§14] of the equilibrium

distribution functionP(x,v) using the same approach as in

this paper. The results for the mean time reported here are

largely independent of the inelastic collapse controversy.
Both the integral equation and the simulation procedure sum

O t ; . « . « . N . _
the mean time, collision by collision, without directly ad

0 0.5 1 ) . "

1/N dressing the question of localization at the boundary.

0.05+

Ty(Ov)

FIG. 3. Mean timeTy(0,v) for N boundary collisions versus
N1 for r=0.01 and, from top to bottons,=0.001 and 0.0001. The
mean timeT(0,v) for an infinite number of collisions is estimated
by extrapolating to the vertical axis. This yield§(0,0.002
=0.108 andr(0,0.0001=0.039.
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VI. CONCLUDING REMARKS

Masoliver and Porra calculated the mean absorption time
T(x,v) of a randomly accelerated particle on the finite line _ o~
0<x< 1, assuming that it is absorbed the first time it reaches With the substitutionT(x,v)=T(x, -v), Eq. (7) takes the
either x=0 or x=1. We have considered a more generalform
boundary condition, parametrized by the reflection probabil- 9 P\~
ity p and the coefficient of restitutiom, We derived an in- (v— - —Z)T(x,v) =1. (A1)
tegral equation which determind$x,v) and used it to ob- X v
tain the exact asymptotic form @f(0,v) for large and small  This differential equation is the same as Eg). of Ref.[13],

v and numerical results for intermediate The asymptotic except for the inhomogeneous term 1 on the right-hand side.
forms and numerical results are in excellent agreement withe follow Ref.[13] very closely in solving it.

our computer simulations of the randomly accelerated par- First we introduce the Laplace transform

ticle.

The casg=1,r <1 corresponds to a single particle mov-
ing between walls with which it collides inelastically. This
simple and fundamental system is of interest in connection ) o
with properties of driven granular media. We find that thewhich according to Eq(Al) satisfies

APPENDIX: SOLUTION OF Eq. (7)

Q(s,v) = f ’ dx €T (x,v), (A2)
0

mean time for an infinite number of boundary collisions is P\~ 1 -
(Sv - —2>Q(S,v) =—+vT(0,0). (A3)
10f: . v S
F /Tid . This is the same as EA2) in Ref.[13], except for the extra
T -7 //’ - terms™ on the right-hand side. As in R€fL3], we solve Eq.
= F /{/" il (A3) in terms of Airy functions and invert the Laplace trans-
S 0.1% it form, with the help of the Faltung theorem. This yields
&~ T /o;r/’ o simulated .
+ //.9 _ . - 1 X
0.01L 2% numerical _+ 12 ~1/2 318y v
£ - - asymptotic T(xv) = 3(7m) o dy y % -6 18y
0,00 sttt 12 (o 312, 312
v v U4\~
000001 0.001 0 10 P LP’Ze‘<03+“3>’9X|_1,3( )T o)
3X Jg 9x
FIG. 4. Mean time for an infinite number of boundary collisions By
for p=1 and, from top to bottom;=0.1, 0.01, 0.001. The upper eV %) 5T (y,0)
. . . . - dy 2/3 ] 1% > O!
curve is the numerical solution of the integral equati@6) for r a2\ o T (x=y) )
=0.1. The points are the results of our simulations, obtained by 37T 5

extrapolation, as in Fig. 3. The bottom curr® simulationgis the
exact Masoliver-Porra result0). The dashed lines on the left show (A4)
the exact asymptotic form@9) and (20) for smallv. The propor-
tionality constant in Eq(19) was chosen to fit the simulation data.
For largev, approximately periodic behavior in in as in Eq.(36),

is expected. The dashed lines for laigén Fig. 4 were calculated
from the dashed lines for smallusing recurrence relatiof21).

which is the same as Ed6) of Ref. [13], except for an
additional term(the first term on the right-hand side.

To express the unknown functiodT(y,0)/dv on the
right-hand side of Eq(A4) in terms of the other unknown
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T 0,u), we first take the limiv =0 in Eq.(A4), which yields * -uox 1
(0.u) a.(A4) y f du LﬁeTZ:gz/sF(_)Xz/a_ (A7)
0 X 3
_ 3213 [q E~quation(A6) may be regarded as an integral equation for
T(x,0) = N 7F<§)X2/3 dT(y,0)/dv. The solution, derived in Ref13] using the ap-
31’3F<5> proach of Refs[10,20, is
- aT(y,0 ([~ 1, =
+ 203 j du ue™9F(0,u) T fo du UR(y,u) - R(1 y,U)][ SuHTOU) |,
0
~ (A8)
X
- LmﬁT(y,O)} (AB) where the functiorR(y,u) is given in Eq.(15).
o X=y)7° v Substituting Eq(A8) into Eq. (A4) yields
~ 1 x 3
B 3 T(x,v) = _(,n_v)llzf dy y—l/Ze—v3/18y|_l/6<v_>
From reflection symmetry T(x,0)-T(1-x,00=0 and 3 0 18y
aT(y,0)/ &v:—fl'(l—y,O)/ dv. Substituting Eq(A5) into the 1 X grvoiey) [
first of these relations and making use of the second, we - 2 f dy(x_y)mf dud?
obtain 2. 31’31“(5) 0 0
L gy A0 (7 le_us,gx 910 X[R(y,u) =R(1 -y,u)]+ fo du uGx,u,u)T(0,u),
’ — d _
o X=yP® fo uu e (1-x)23 (A9)
X[}u2+7(0,u)] (A6) whereG(x,v,u) is given in Eqs.(14). Replacing‘NI'(x,v) by
2 T(x,-v) in Eqg. (A9) and evaluating the integrdfduu’- -],

we obtain the Green’s function solution fofx,-v) in Egs.
(13«15 and reproduce the Masoliver-Porra result for

where we have used T,(x,v) in Eq. (10).
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